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ABSTRACT

Principal Component Analysis (PCA) is the workhorse tool for dimensionality reduction in this era of big
data. While often overlooked, the purpose of PCA is not only to reduce data dimensionality, but also
to yield features that are uncorrelated. Furthermore, the ever-increasing volume of data in the modern
world often requires storage of data samples across multiple machines, which precludes the use of cen-
tralized PCA algorithms. This paper focuses on the dual objective of PCA, namely, dimensionality reduc-
tion and decorrelation of features, but in a distributed setting. This requires estimating the eigenvectors
of the data covariance matrix, as opposed to only estimating the subspace spanned by the eigenvec-
tors, when data is distributed across a network of machines. Although a few distributed solutions to
the PCA problem have been proposed recently, convergence guarantees and/or communications overhead
of these solutions remain a concern. With an eye towards communications efficiency, this paper intro-
duces a feedforward neural network-based one time-scale distributed PCA algorithm termed Distributed
Sanger’s Algorithm (DSA) that estimates the eigenvectors of the data covariance matrix when data is dis-
tributed across an undirected and arbitrarily connected network of machines. Furthermore, the proposed
algorithm is shown to converge linearly to a neighborhood of the true solution. Numerical results are also

provided to demonstrate the efficacy of the proposed solution.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

The modern era of machine learning involves leveraging mas-
sive amounts of high-dimensional data, which can have large com-
putational and storage costs. To combat the complexities aris-
ing because of the high dimensions of data, dimensionality re-
duction and feature learning techniques play a pivotal and nec-
essary role in information processing. The most common and
widely used technique for this task is Principal Component Anal-
ysis (PCA) [2] which, in the simplest of terms, transforms data
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into uncorrelated features that aid conversion of data from a
high-dimensional space to a low-dimensional space while retain-
ing maximum information. Simultaneously, the enormity of the
amount of available data makes it difficult to manage it at a single
location. There are multiple and an increasing number of scenarios
where data is distributed across different locations, either due to
storage constraints or by its inherent nature like in the Internet-
of-Things [3]. This aspect of the modern-world data have led re-
searchers to explore distributed algorithms, which can process in-
formation across different locations/machines [4]. These aforemen-
tioned issues have motivated us to study and develop algorithms
for distributed PCA that are efficient in terms of computations and
communications among multiple machines, and that can also be
proven to converge at a fast rate.

When the data is available at a single location, one of the goals
of PCA is to find a K-dimensional subspace, given by the column
space of a matrix X € R¥*K such that the zero-mean data sam-
ples y e RY (d > K) retain maximum information when projected
onto X. In other words, when reconstructed as XXy (subject to
XX =1), the data samples should have minimum reconstruction
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error. It can be shown that this minimal error solution is given by
the projection of data onto the subspace spanned by the eigen-
vectors of data covariance matrix. This implies that for dimen-
sionality reduction, learning any basis of that subspace is suffi-
cient. This is referred to as the subspace learning problem. But
while simple dimension reduction does not necessarily need un-
correlated features, most downstream machine learning tasks like
classification, pattern matching, regression, etc., work more effi-
ciently when the data features are uncorrelated. In the case of
image coding, e.g., PCA is known as the Karhunen-Loeve trans-
form [5], wherein images are compressed by decorrelating neigh-
bouring pixels. With this goal in mind, one needs to aim to find
the specific directions that not only have maximum variance, but
that also lead to uncorrelated features when data is projected onto
those directions. These specific directions are given by the eigen-
vectors (also called the principal components) of the data covari-
ance matrix, and not just any set of orthogonal basis vectors span-
ning the same space. Mathematically, along with minimum recon-
struction error, the other goal of PCA is to ensure the condition
that the off-diagonal entries of E[XTyy"X] are zero (i.e., the data
gets decorrelated), while finding the eigenspace of the covariance
matrix E[yy'].

As explained above, the true and complete purpose of PCA is
served when the search for the optimal solution ends with the
specific set of eigenvectors of the data covariance matrix, and not
just with the subspace it spans. It is known that getting the prin-
cipal components from any other basis of the subspace would only
require performing singular value decomposition (SVD) of the ob-
tained subspace. Although true, the SVD operation has a high com-
putational complexity, which makes it an expensive step for big
data. The traditional solutions for PCA were developed to overcome
the cost of SVD and hence reverting back to it defeats the whole
purpose.

Thus, even though the problem of dimensionality reduction of
data has many optimal solutions (corresponding to all the sets
of basis vectors spanning the K-dimensional space), our goal is
to find only the ones that give the eigenvectors as the basis. In
terms of optimization geometry of the PCA problem in which one
tries to minimize the mean-squared reconstruction error under
an orthogonality constraint, it is a non-convex strict-saddle func-
tion. In a strict-saddle function, all the stationary points except
the local minima are strict saddles wherein the Hessians have at
least one negative eigenvalue that helps in escaping these saddle
points [6,7]. Also, in the case of PCA the local minima are the same
as the global minima. These geometric aspects make PCA, despite
being non-convex, a “nice and solvable” problem whose optimal
solution can be reached efficiently. However, note that the set of
global minima contains, along with the set of eigenvectors as basis,
all other possible bases that are rotated with respect to the eigen-
vectors. And our goal is not to find just any of the global minima
but to look into a very particular subset of it, where the basis is
not rotated.

A very popular tool that has been used to learn features of data,
and hence compress it, is autoencoders. It was shown in Baldi and
Hornik [8] that the globally optimum weights of an autoencoder
for minimum reconstruction error are the principal components of
the covariance matrix of the input data. In [9], Oja described how
using the Hebbian rule for updating the weights of a linear neu-
ral network would extract the first principal component from the
input data. Several other Hebbian-based rules like Rubner’s model,
APEX model [10], Generalized Hebbian Algorithm (GHA) [11], etc.,
were proposed to extend this idea of training a neural network for
finding the first eigenvector to extract the first K principal compo-
nents (eigenvectors) of the input covariance matrix. Given the par-
allelization potential, a feedforward linear neural network-based
solution for PCA seems to be very attractive.
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The other aspect of modern day data is, as mentioned earlier, its
massive size. Collating the huge amount of raw data is usually pro-
hibitive due to communications overhead and/or privacy concerns.
These reasons have encouraged researchers over the last couple of
decades to develop algorithms that can solve various problems for
non-collocated data. The algorithms developed to deal with such
scenarios can be broadly classified into two categories: (1) the se-
tups where a central entity/server is required to co-ordinate among
the various data centers to yield the final result, and (2) the setup
where the data is scattered over an arbitrary network of intercon-
nected data centers with no availability of a central co-ordinating
node. The authors in Nokleby et al. [3], Yang et al. [12] talk about
these different setups and the algorithms developed for each of
them in more detail. The second scenario is more generic and usu-
ally algorithms developed for such setups can be easily modified
to be applied to the first scenario. The terms distributed and de-
centralized are used interchangeably for both the setups in the lit-
erature. In this paper, we focus on the latter scenario of arbitrarily
connected networks and henceforth call it distributed setup. Hence,
here our goal is to solve the PCA problem in the distributed man-
ner when data is scattered over a network of interconnected nodes
such that all the nodes in the network eventually agree with each
other and converge to the true principal components of the dis-
tributed data.

1.1. Relation to prior work

PCA was developed to find simpler models of smaller dimen-
sions that can approximately fit some data. Some seminal work
was done by Pearson [13], who aimed at fitting a line to a set
of points, and by Hotelling [2], where a method for the classical
PCA problem of decorrelating the features of a given set of data
points (observations) by finding the principal components was pro-
posed. Later, some fast iterative methods like the power method,
Lanczos algorithm, and orthogonal iterations [14]| were proposed,
which were proved to converge to the eigenvectors at a linear rate
in the case of symmetric matrices. Many other iterative methods
have been proposed over the last few decades that are based on
the well-known Hebbian learning rule [15] like Oja’s method [9],
generalized Hebbian algorithm [11], APEX [10], etc. The analysis for
Oja’s algorithm has been provided in Yi et al. [16], which shows
that in the deterministic setting the convergence to the first eigen-
vector is guaranteed at a linear rate for some conditions on the
step size and initial estimates. The work in Lv et al. [17] extended
the analysis to the generalized Hebbian case for convergence to
the first K principal eigenvectors for a specific choice of step
size.

While ways to solve PCA in the centralized case when data is
available at a single location have been around for nearly a century,
distributed solutions are very recent. Within our distributed setup
where we assume a network of arbitrarily connected nodes with
no central server, the data distribution can be broadly classified
into two types: (1) distribution by features, and (2) distribution by
samples. The PCA algorithms for these two different kinds of dis-
tribution are significantly different. While both are completely dis-
tributed, the first kind [18-21] involves estimating only one (or a
subset) of feature(s) at each node. In this paper, we focus on find-
ing the eigenvectors when the distribution is by samples, which
requires estimation of the whole set of eigenvectors at each node
of the network. For this type of distribution, power method was
adapted for the distributed setup as a subroutine in Raja and Ba-
jwa [22], Wai et al. [23], Raja and Bajwa [24] to extract the first
principal component of the global covariance matrix. Such meth-
ods make use of an explicit consensus loop [25] after each power
iteration to ensure that the nodes (approximately) agree with each
other. While a novel approach that reaches the required solu-
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tion at the nodes accurately (albeit with a small error due to the
consensus iterations), the two time-scale aspect makes it a rela-
tively slow algorithm in terms of communications efficiency. Fur-
thermore, finding multiple principal components with these ap-
proaches would require a sequential approach where subsequent
components are determined by using a covariance matrix residue
that is left after projection on estimates of the higher-order com-
ponents. In contrast, the work in Raja and Bajwa [26] focuses on
finding the top eigenvector in the distributed setup for the stream-
ing data case. A detailed review of various distributed PCA al-
gorithms that exist for different setups is provided in Wu et al.
[27].

Next, note that some distributed optimization-based algorithms
for non-convex problems are being studied only since recently and
those dealing with constrained problems are even fewer. In [28],
it is shown that an unconstrained non-convex problem converges
to a stationary solution at a sublinear rate. The methods pro-
posed in Bianchi and Jakubowicz [29], Wai et al. [30] deal with
non-convex objective functions in a distributed setup when the
constraint set is convex and [31] works with convex approxi-
mations of non-convex problems. Thus, none of these methods
are directly applicable to the distributed PCA problem in our
setup.

Finally, we proposed an efficient distributed PCA solution
in Gang et al. [1] for a distributed network when the data is
split sample-wise among the interconnected nodes. In this pa-
per, we extend the preliminary work in Gang et al. [1] and
provide a detailed mathematical analysis of the proposed algo-
rithm along with exact convergence rates and extensive numerical
experiments.

1.2. Our contributions

The main contributions of this paper are (1) a novel algo-
rithm for distributed PCA, (2) theoretical guarantees for the pro-
posed distributed algorithm with a linear convergence rate to a
small neighborhood of the true PCA solution, and (3) experimen-
tal results to further demonstrate the efficacy of the proposed
algorithm.

Our focus in this paper is to solve the distributed PCA prob-
lem so as to find a solution that not only enables dimensional-
ity reduction, but that also provides uncorrelated features of data
distributed over a network. That is, our goal is to estimate the
true eigenvectors, not just any subspace spanned by them, of the
covariance matrix of the data that is distributed across an arbi-
trarily connected network. Also, we focus on providing a solution
that is efficient in terms of communications between the intercon-
nected nodes of an arbitary network. To that end, we propose a
distributed algorithm that is based on the generalized Hebbian al-
gorithm (GHA) proposed by Sanger [11], wherein the nodes per-
form local computations along with information exchange with
their directly connected neighbors, similar to the idea followed
in the distributed gradient descent (DGD) approach in Nedic and
Ozdaglar [32]. The local computations do not involve the calcu-
lation of any gradient, but we instead use a “psuedo gradient,”
which we henceforth call Sanger’s direction. In our proposed solu-
tion, termed the Distributed Sanger’s Algorithm (DSA), we have also
done away with the need of explicit consensus iterations for mak-
ing the nodes agree with each other, thereby making it a one time-
scale solution that is more communications efficient. Theoretical
guarantees are also provided for our proposed distributed PCA al-
gorithm when using a constant step size. The analysis shows that,
when using a constant step size «, the DSA solution reaches within
a O(w)-neighborhood of the optimal solution at a linear rate when
the error metric is the angles between the estimated vectors and
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the true eigenvectors.! We also provide experimental results and
comparisons with centralized orthogonal iteration [14], centralized
GHA [11], a sequential distributed power method-based approach
and distributed projected gradient descent. The results support our
claims and analysis.

To the best of our knowledge, this is the first solution for dis-
tributed PCA that uses a Hebbian update, achieves network agree-
ment without the use of explicit consensus iterations, and still
provably reaches the globally optimum solution (within an error
margin) at all nodes at a linear rate.

1.3. Notation and organization

The following notation is used in this paper. Scalars and vec-
tors are denoted by lower-case and lower-case bold letters, respec-
tively, while matrices are denoted by upper-case bold letters. The
operator | -| denotes the absolute value of a scalar quantity. The
superscript in a® denotes time (or iteration) index, while af de-
notes the exponentiation operation. The superscript (-)T denotes
the transpose operation, || - || denotes the Frobenius norm of ma-
trices, while both || - || and | - ||, denote the ¢;-norm of vectors.
Given a matrix A, both g;; and (A);; denote its entry at the ith row
and jth column, while a; denotes its jth column.

The rest of the paper is organized as follows. In Section 2, we
describe and mathematically formulate the distributed PCA prob-
lem, while Section 3 describes the proposed distributed algorithm,
which is based on the generalized Hebbian algorithm. In Section 4,
we derive a general result for a modified generalized Hebbian al-
gorithm that aids in the convergence analysis of the proposed dis-
tributed algorithm, while convergence guarantees for the proposed
algorithm are provided in Section 5. We provide numerical results
in Section 6 to show efficacy of the proposed method and pro-
vide concluding remarks in Section 7. The statements and proofs
of some auxiliary lemmas, which are needed for the proofs of the
main lemmas that are used within the convergence analysis in
Sections 4 and 5, are given in Appendix A, while Appendices Ap-
pendix B-Appendix F contain the formal statements and proofs of
the main lemmas.

2. Problem formulation

Principal Component Analysis (PCA) aims at finding the basis of
a low-dimensional space that can decorrelate the features of data
points and also retain maximum information. More formally, for
a random vector y € R? with E[y] =0, PCA involves finding the
top-K eigenvectors of the covariance matrix X := E[ny] The zero
mean assumption is taken here without loss of generality as the
mean can be subtracted in case data is not centered. Mathemati-
cally, PCA can be formulated as

X=argmin E[|ly—XX"y[}] such that
XeRdxK
Vi £q, (IE[XTnyXD,q —0. (1)

The constraint (IE[XTnyX]),q =0, VI # q, ensures that X decorre-

lates the features of y. Now, E[XTyy"X] = X"E[yy"|X = X"2X and
it is straightforward to see that this quantity is diagonal only if X
contains the eigenvectors of X. This explains why the search for a
solution of PCA ends with the eigenvectors and not the subspace

1 Our results can also be extrapolated to guarantee exact convergence with de-
caying step size, albeit at a slower than linear rate.
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spanned by them. In practice, we do not have access to X and so a
covariance matrix estimated from the samples of y is used instead.
Specifically, for a dataset with N samples {y,}f’= 1» Or equivalently,
for a data matrix Y := [yl,yz, . ..,yN], the sample covariance ma-
trix can be written as C= {YY' such that ¥ := E[C]. The true so-
lution for PCA is then obtained by finding the eigenvectors of the
covariance matrix C, which are also the left singular vectors of the
data matrix Y. The empirical form of (1) is thus

X =argmin f(X)=argmin |Y-XX'Y||?  such that
XeRdxK XeRdxK
Vi +q, (XTYYTX>,q =0. (2)

In the literature, however, PCA is usually posed with a ‘relaxed’ or-
thogonality constraint of XX =1 instead of (XTYYTX)lq =0,V #
g, as follows:

X= argmin f(X)= argmin ||Y-XXTY|2. (3)
XeRIxK XTX=I XeRIxK XTX=I

The optimization formulation in (3) with this constraint will only
lead to a subspace spanned by the eigenvectors of C as the solu-
tion, thus actually making it a Principal Subspace Analysis (PSA)
formulation. In other words, although the formulation (3) gives a
solution on the Stiefel manifold, the actual PCA formulation (2) re-
quires the solution to be within a very specific subset of that man-
ifold that corresponds to the eigenvectors of C. The accuracy of
the solutions given by the PCA and PSA formulations will be the
same when measured in terms of the principal angles between the
subspace estimates and the true subspace spanned by the eigen-
vectors of the covariance matrix. Specifically, if X = [xl, . .,xK] is
an estimate of the basis of the space spanned by the eigenvectors
Q= [q;.....qk], then the principal angles between Q and X given
by both (2) and (3) will be the same. But a more suitable measure
of accuracy for any PCA solution should be the angles between x;
and q; for all i =1,...K, which motivates us to judge the efficacy
of any solution with respect to this metric instead of the principal
subspace angles.

In the distributed setup considered in this paper, we consider
a network of M nodes such that the undirected graph, G := (V, £),
describing the network is connected. Here vV = {1,2, ..., M} is the
set of nodes and ¢ is the set of edges, i.e., (i, j) € € if there is a
direct path between i and j. The set of neighbors for any node i is
denoted by A;. Under the setup of samples being distributed over
the M nodes, let us assume that the ith node has a data matrix Y;
containing N; samples such that N = Zf& N;. Thus each node has
access to only a local covariance matrix C; = NliY,»Y,.T instead of the

global covariance matrix but one can see that NC = Z?il N;C;. In
this setting, a straightforward approach might be that each node
finds its own solution independent of the data at all the other
nodes. While this might seem viable, this approach will have ma-
jor drawbacks. Recall that the sample covariance C approximates
the population covariance X at a rate of O(f(N1)), where f is
some function (depending on the distribution) of the number of
samples N [33]. Since the local data has smaller number of sam-
ples than the global data, working with the local covariance ma-
trix C; alone instead of somehow using the whole data will lead
to a larger error in estimation of the eigenvectors. Also, since uni-
form sampling from the underlying data distribution is not guaran-
teed in distributed setups, the samples at a node may end up be-
ing from a narrow part of the entire distribution, thus being more
biased away from the true distribution. This invites the need for
the nodes to collaborate amongst themselves in a way that all the
data is utilized to find estimates of the eigenvectors at each node
while ensuring that all the nodes agree with each other. Thus, for

Signal Processing 193 (2022) 108408

a distributed setting, the PCA problem in (1) can be rewritten here
as

M M
X=argmin ) fi(X)=argmin Y |IY;— XX"Y;||} such that

I
XeRdxK i=1 XeRdxK i=1

M
Vi£q, (xT(ZYiY})x),q -0 (4)
i=1

It is easy to see that Z?L fiX) = f(X). Also, in a distributed
setup, each node i maintains its own copy X; of the variable X due
to the difference in local information (local data) they carry. Thus,
all nodes need to agree with each other to ensure the entire net-
work reaches the same true solution. Hence, the true distributed
PCA objective is written as

M
argmin " [IY; - XX[Y;[[} such that VjeA; Xi=X; and
X,'eRdXK i1
M
VI #q. (XiT(ZYiYiT)Xi>,q =0. (5)
i=1

Note that (1)-(5) are non-convex optimization problems due to the
non-convexity of the constraint set. One possible solution to the
PCA problem is to instead solve a convex relaxation of the origi-
nal non-convex function [34,35]. The issue with these solutions is
that they require 0(d2) memory and computation, which can be
prohibitive in high-dimensional settings. In addition, due to 0(d?)
iterate size these solutions are not ideal for distributed settings.
Also, these formulations, without any further constraints, will not
necessarily give a basis that is the set of dominant eigenvectors. In-
stead, they might end up giving a rotated basis as explained earlier,
thereby not completing the task of decorrelating features. Hence,
in this paper we use an algebraic method based on GHA for neu-
ral network training, which has O(dK) memory and computation
requirements, to solve the distributed PCA problem. Our goal is to
converge to the true eigenvectors of the global covariance matrix C
at every node of the network. As noted earlier in Section 1.1, dis-
tributed variants of the power method exist in the literature [22-
24] that can find the dominant eigenvector but these methods em-
ploy two time-scale approaches that involve several consensus av-
eraging rounds for each iteration of the power method. Such two
time-scale approaches can be expensive in terms of communica-
tions cost. In this paper, we propose a one time-scale method that
finds the top K eigenvectors of the global sample covariance ma-
trix C at each node through local computations and information
exchange with neighbors. The proposed method also converges lin-
early up to a neighborhood of the true solution when the error
metric considered is the angle between the estimates and the true
eigenvectors.

3. The proposed algorithm

In [11], Sanger proposed a generalized Hebbian algorithm (GHA)
to train a neural network and find the eigenvectors of the input au-
tocorrelation matrix (same as the covariance matrix for zero-mean
input). The outputs of such a network, when the weights are given
by the eigenvectors, are the uncorrelated features of the input data
that allow data reconstruction with minimal error, hence serving
the true purpose of PCA. The algorithm was originally developed to
tackle the centralized PCA problem in the case of streaming data,
where a new data sample y;,t =1,2,..., arrives at each time in-
stance.

In this paper we consider a batch setting, but the alignment of
GHA with our basic goal of finding the eigenvectors motivates us
to leverage it for our distributed setup. The rationale behind the
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idea of extrapolating the streaming case to a distributed batch set-
ting is simple: since E[y;y[] = E[Y;Y]] = X, the sample-wise dis-
tributed data setting can be seen as a mini-batch variant of the
streaming data setting. In the context of neural network training,
our approach can be viewed as training a network at each node
with a mini-batch of samples in a way that all nodes end up with
the same trained network whose weights are given by the eigen-
vectors of the autocorrelation matrix of the entire batch of sam-
ples.

The iterate for the GHA as given in Sanger [11] has the follow-
ing update for the matrix of eigenvectors (i.e., the neural network
weight matrix) X when the tth sample y; arrives at the input of
the neural network:

XD Z XO 4 g [y[yfx“) _ x“)u((x@ )Tytythm)} (6)

where U : RKxK _ RKxK j5 an operator that sets all the elements
below the diagonal to zero and «; is the step size. For K =1, and
defining X; = y;y], it was shown in Oja and Karhunen [9] that the
term (XO)TyyfX©®O = (XO)TEX® is the consequence of a power
series approximation of Oja’s rule in lieu of the explicit normaliza-
tion used in the case of the power method. In the case of K > 1,

u ((X<f> )Ty[y'tl'x(t)) - u<(x<r> )T ):tx(t)>

rithm with the Gram-Schmidt orthogonalization step as follows:

helps combine Oja’s algo-

x“>u<(x<f))T):tx<f))
(xgt))T
—xOu( | =[x x0]
ex (D)7 ! K
K
T T o
© (x3))T2Eex] X)X () TZexy
=XOu ) .
T (g TEx X)) TEexi

ENHTEXO &) TExD &N

o 0 xHTExS) ENHTE XD
=X . .
0 0 ENHTE X

2 K
=|:(x§”)Tth§”x§” ST Zxx) Z(XL”)Tth}(”xL‘)}. (7)
p=1 p=1

Thus, for any k=1, ..., K, the term involving ¢/(-) in (6) includes
an implicit normalization term (xlif))TEtx,?)x,(f) as well an orthog-
onalization term Z’;;l] (xl(f))T):tx,(f)xl(f), which—analogous to the
Gram-Schmidt orthogonalization procedure—forces the estimate
x,(f) to be orthogonal to all the estimates x},[), p=1,...,k—1. An-
other important thing to note about the GHA algorithm is that, in
order to estimate the dominant K eigenvectors, it only requires the
corresponding top K eigenvalues to be distinct (and nonzero). In
other words, it does not require the covariance matrix to be non-
singular.

In the deterministic setting, where we have the full-batch in-
stead of new samples every instance, this iterate changes to

XD Z XO 4 g [cx<f> _ x<f>u<(x<f>)Tcx<f>>]
=X 4+ o H(C, XD). (8)
Here, we term # :R%xd x RIXK _, RIXK 97(C Xt) := (CXt -

xfu((xf)Tcxf)) as the Sanger direction. An iterate similar
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Algorithm 1 Distributed Sanger’s algorithm (DSA).
Input: Y{,Y;, .. Yy, [w;], o, K
spe s . (0 . «
Initialize: Vi, Xi( ) Xinit * Xinie € ROK, X
fort=1,2,...do
Communicate X,.([’l) from each node i to its neighbors

Xinit =1

Estimate  of eigenvectors at node i Xi(‘) «
2 jeniuli) Wijxﬁt_]) +aH(XY)
end for

Return: let), i=1,2,...M

to (8) has been proven to have global convergence in Lv et al.
[17] for some very specific choice of the step sizes that are de-
pendent on the iterate itself. Its straightforward extension to the
distributed case is not possible as that would lead to different
step sizes at different nodes of the network, making it difficult
to talk about its convergence guarantees. Hence, to adapt this
iterative method to our distributed setup, we use the typical
combine and update strategy used quite richly in the literature
for distributed algorithms such as Nedic and Ozdaglar [32], Shi
et al. [36], Cattivelli and Sayed [37], Kar and Moura [38]. The
main contributions of such works lie in showing that the resulting
distributed algorithms achieve consensus (i.e., all nodes will have
the same iterate values eventually) and, in addition, the consensus
value is the same as the centralized solution. The convergence
guarantees for these methods are mainly restricted to convex
and strongly convex problems though. Our distributed version of
(8) for PCA, which is non-convex, is based on similar principles of
combine and update.

Specifically, the node i at iteration t carries a local copy Xl.(‘)
of the estimate of the eigenvectors of the global covariance matrix
C. In the combine step, each node i exchanges the iterate values
with its immediate neighbors j € N, where N; denotes the neigh-
borhood of node i, and then takes a weighted sum of the iterates
received along with its local iterate. Then this sum is updated in-
dependently at all nodes using their respective local information.
Since node i in the network only has access to its local sample co-
variance C;, the update is in the form of a local Sanger’s direction
given as

#H(C, X)) = GX© - x§f>u((x§f>)Tc,-x§‘)>. 9)

The details of the proposed distributed PCA algorithm, called
the Distributed Sanger’s Algorithm (DSA), are given in Algorithm 1.
The weight matrix W = [wj;] in this algorithm is a doubly stochas-
tic matrix conforming to the network topology [25] in the sense
that for i # j, w;; # 0 when (i, j) € £ and w;; = 0 otherwise. Also,
Vi,w;; # 0, ie., there is a self loop at each node. Note that con-
nectivity of the network, as discussed in Section 2, is a necessary
condition for convergence of DSA. The connectivity assumption, in
turn, ensures the Markov chain underlying the graph g is aperiodic
and irreducible, which implies that the second-largest (in magni-
tude) eigenvalue of W, 8 = max{|A,(W)|, |Ay (W)}, is strictly less
than 1. While DSA shares algorithmic similarities with first-order
distributed optimization methods [32,39] in which the combine-
and-update strategy is used, our challenge is characterizing its con-
vergence behavior due to the non-convex and constrained nature
of the distributed PCA problem. To this end, we first provide a gen-
eral result in Section 4 where we prove the convergence of a mod-
ified form of GHA. Then we utilize that result, along with some
linear algebraic tools and additional lemmas provided in the ap-
pendices, to characterize the dynamics of the distributed setup in
Section 5 and prove the convergence of the proposed algorithm.
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4. Convergence analysis of a modified GHA

Let XO =[x x{ .. x©O]er™K, K<d, be an esti-
mate of the K-dimensional subspace spanned by the eigenvectors
of the covariance matrix C after t iterations and q;,/ =1,...,d, be
the eigenvectors of C with corresponding eigenvalues A;. On ex-
panding (8) using (7), it is clear that the GHA update equation for
estimation of the kth eigenvector using a constant step size « is as
follows:

k-1
1
x,E“ ) = x,(f) +a(CxI(f) - (x,it))TCxlf)x,(f) - le(f) (xg))TCx,(f)). (10)
p=1

We now slightly modify (10) by replacing xg) for p < k by the true
eigenvectors q,. We term the resulting update equation modified
GHA and note that this is not an algorithm in the true sense of the
term as it cannot be implemented because of its dependence on
the true eigenvectors qp. The sole purpose of this modified GHA
is to help in our ultimate goal of providing convergence guarantee
for the DSA algorithm. The update equation of the modified GHA
for “estimation” of the kth eigenvector of C, k=1, ..., K, has the
form

1
X = x4 a(Cx,(f) - x)TexVx — Zq qTCx(t)). (11)

Note that similar to the original GHA, this modified GHA assumes
that C has K distinct eigenvalues, i.e., Ay > Ay > ... > Ag > Agyq >
..> X4 > 0. Now, since q;,I=1,...,d, are the eigenvectors of a
real symmetric matrix, they form a basis for R? and can be used
for expansion of any x{" as

d
X' =Yz, (12)

,(f,) is the coefficient corresponding to the eigenvector q

where z
in the expansion of xl(f). Multiplying both sides of (11) by qlT and

using the fact that q/q, =0 for [ £ 1, we get

k-1
Z,((t?'l) _ Z}Et) +O‘(ql cx(f) (Z qpq'lf)cx(f)) (x(t))TCx(t) (f))
p=1
This gives
1
74 = =z —a(x)'exPz), for 1=1,.. k-1, (13)

and zV =z} +a(t — x)TCx)z). for I=k.....d.

k1’
(14)
It has been shown in Yi et al. [16] that the update equation
given by
X =xP o (ex” - x)TexPx)
for k=1 converges to 4q; at a linear rate for a certain condi-
tion on the step size «. Specifically, it was proven that (zﬁ)2 —
1 and Z;Lz(zﬁ)z < bypt, where b; >0 is some constant and
Py = (Hgif)Z < 1. Here, we extend the proof to a general k and

show that the update equation given in the form of (11) for any
k=1,...,K K < d, converges to the kth dominant eigenvector.

Theorem 1. Suppose o < m where Aq is the largest eigen-
value of C and K is the number of eigenvectors to be estimated,

Tx(o) ;é 0, and ||x(0)|| =1 for all k. Then the modified GHA iterate
for x glven by (11) converges at a linear rate to the eigenvector
+q; correspondmg to the kth largest eigenvalue A of the covariance
matrix C.
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Proof. The convergence of x“) to q, requires convergence of the

lower-order coefficients z,(f;, e ,z,(f?( and the higher-order coeffi-
()

cients z, T z(t) to 0 and convergence of z([) to £1. Now,

e — (x)Tex(| = |4 — Z,\,(z“>

Z M2

= = Mz - Z/\,(z(”

I=k+1
> e = Mz )P Z Mz 2|
-1 Z M2
I=k+1
k-1
or, Aell= @D < 1Y M2 +] Z M2
=1 I=k+1
+ e — )T (15)

Thus, convergence of the lower-order and the higher-order coeffi-
cients to 0 along with convergence of the term |\, — (t))TCX(t)|
will also imply the convergence of zl(fl)< to +1. To this end,
Lemma 5 in the appendix proves linear convergence of the lower-
order coefficients z,(f;z,(f?{f to 0 by showing YK~/ (z,(ﬁ”)2
a; 1 for some constants a; > 0,y < 1. Furthermore, Lemma 6 in
the appendix shows that Z;jzkﬂ (szjr 2 < a;pt!, where ay, a; >
0 and y,p, <1, thereby proving linear convergence of the
higher-order coefficients to 0. Finally, Lemma 7 in the ap-
pendix shows that |A, — (xl(f))TCxlng < tay (81 + max({st, yf}),
where a4 > 0 and §, y; < 1. The formal statements and proofs of
Lemmas 5-7 are given in Appendices Appendix B-Appendix D, re-
spectively.
Thus,

d
Ml = (75 < |Zkl<z“>> [+1 Y Mz)?] + tas (8!
=1 I=k+1

+ max{8’, y;})

k-1 d
= S MG+ D MG+ a5
I=1 I=k+1
+ max{&’, yi})

k-1 d
< Mm@+ Y @D +tag (3!
-1 I=k+1

+ max{8’, y{})
< M(ary"t +azph) +tag (871 + max{s8’, y{}).

Clearly, lim |1 —(z([))zl = 0. Therefore, Theorem 1 shows that
f—00 k.k

with an update equation of the form (11), the iterates xl(f) converge
linearly to eigenvectors q of the covariance matrix C. O

5. Convergence analysis of distributed Sanger’s algorithm (DSA)

With the analysis of the modified GHA in hand, let us proceed
to analyze the proposed DSA algorithm. The iterate of DSA at node
i for the dominant K-dimensional eigenspace estimate (K < d) is
given as
X = 3 wXP o+ ai (€, X)
Jjenjuli}

— Y wX®© +a<CiX§f) _x§f>u((x§f>)Tcix§f>)), (16)
Jjenuti}
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X e R?K is an estimate of the

K-dimensional subspace of the global covariance matrix C at the
ith node after t iterations, H,v(Cj,Xl.(t)) is local Sanger’s direction,

and w;; > 0 is a weight that node i assigns to X}t) based on the
connectivity between nodes i and j as mentioned before. The

Sanger’s direction and the update equation for an estimate of the
kth eigenvector is thus given as

where Xl.(t) [(t) x© x,(tlg

H;(C; x(f)) =C; x(f) (x(f) TC x(f) (t)

ik i ' p Z(x(t))TC x(f)x(t) (17)

ik “Vi,p

(t+1) _ (t) (®) (ONT ()
and, X > Wl-]-xj’k-i-oe(c,‘xi_k ()T Cxg ;)

ik

]e/\/-u['}
Z X Hrexdt). (18)
Now, let the average of x(t) g?{ ..... ,(V[,)k after tth iteration be de-
noted as X\ = & >, x(t) and given by taking average of (18) over

all the nodes 1_1 . ,M as

g+ _ () (t)
XD =x"+ = Z?-L x
_zx_ ¢ 2 ©)y ©)
=X +M;H,(x Z?—L(x Z’H,(X
o M
_ )-(l((t) + MZHI(;"(J)) Jr()[h’({t)
i=1
0] (t) 3 ON\T ox (O ©)
=x" + M(Cx - &R VK
M k-1
_ ZZX(I)(X(I))TC )'((f)) +oeh([)
i=1 p=1

where h(t) = M Zl 1 (H; (x(t)) —Hi()'(l(f))). We present analysis of

the DSA algorithm by first proving convergence of the average )'(,(f)
to a neighborhood of the eigenvector q, of the global covariance
matrix C while using a constant step size. Then with the help of
Lemma 8 in Appendix E, which proves that the deviation of the
iterates x(t) at each node from the average x(t) is upper bounded,
we prove that the iterates at each node also converge to a neigh-
borhood of the true solution. It is noteworthy that the analysis of
DSA does not require additional constraints on eigenvalues of C;,
i.e., similar to GHA, we only require the top K eigenvalues of C to
be distinct and non-zero.

The complete proof of convergence of DSA is done by induc-
tion. First, we show the convergence of x([) to a O(«) neighbor-
hood of q; and then analyze the rest of the eigenvector estimates

l._k k=2,..., K, by assuming that the higher-order estimates have
converged.

Case I for induction - k = 1 The iterate for the dominant eigen-
vector is

x5 = 3 wix{) @ - ((hHTexDx). (19)
JjeNjuli}
Theorem 2. Suppose o < % where Ay is the largest eigen-

value of C and K is the number of eigenvectors to be estimated,
{xl(q) #0, and ||x(0)|| = 1. Then the DSA iterate for Xz(tl) given
by (19) converges at a linear rate to an O(«) neighborhood of the
eigenvector +q corresponding to the largest eigenvalue Aq of the

global covariance matrix C at every node of the network.
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Proof. We know that

I1xE —x31| < 1% — X0 + X0 —x; ]|, where x; = +q;.

(20)
The term ||xi(t1) —igt)H is a measure of consensus in the network

and we prove in Lemma 8 in Appendix E that this difference de-
creases linearly until it reaches a level of O(«). More precisely,

o
5
where 8 = max{|1,(W)|, |Ay(W)|}. In particular, it is well known

that for a connected graph f < 1. Now, the average iterate of DSA
for the estimate of the dominant eigenvector (k= 1) is

lIx{) — %[l < by (B + (21)

S0 _ gt=1) | ¥ o(t-1)  (t—1\Trgt—1)g(-1) (t=1)
X =X +M(Cx] - X )CXTUXTT ) +ahy T

Thus,
’_‘it) X = ,—qr-l) 4 %(Cigt—l) _ (xgt—n)Tc)-(gr—l)igr—n)
~X; +oh{"
or, [XO —x;| =KD + %(c)—(gtq) — &) VRED)
—x; +ah{
or, ”x(t) x| < ”)—(?4) + %(cﬁgffﬂ _ (igffl))Tc)—(gt—l)igfl)) -x|

(22)
+afh ).
We saw in Section 4 that an iterate of the form

SO _ -1 | @ mot-1)  gt—D\Trgt-1)g=1)
X =X U+ M(Cx] - X)) XU
converges linearly to xj = +q; for certain conditions on the step

size and the initial pomt Thus,

o
1% = x5l < pr 1% —xil| +[|h{ V], where p; = J—ﬁiz

MM
The term hgt‘w in the above equation appears due to the dis-
tributed nature of the algorithm and can be bounded separately.
Specifically, we prove in Lemma 9, whose formal statement and
proof is given in Appendix F, that

_ _ o
||h§t 1)” fgklbl(ﬂt 1_,_@)

Thus,

I =51 = o1 1% =X} 1| + 9ahs by (B

)

o o
< pr(PuIEE =i+ Sarkabi B2 + 9eiab (1 5))

o
+90{)\.1b1ﬂt_] +90{)\.1b1(] —,3)
t—1

< pi ||’_(§O) —=Xjll +9aAiby Z(Plﬂq)rﬁtq

r=0

1
+—9aAqb
1= py 1 1(

o
—p)

Since pq, B < 1, we have the following two cases:

L pi=B=pif =1 Then, Y o(pB ) B =58 " =

tﬁt 1
2. >ﬁ Then Z oo B~ Wﬁ‘ T=p T+ 0B 2+ +
101 < 101 -+101 = tp]
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Therefore,

) (0)

1”3t—1}
(5 “ﬂ), where ¢ =9aiby.  (23)

10 x5l < p§IE® —x31| + c1¢ max{p}-
C1

1 —p1

Consequently, from (21) and (23), we get

I = x3ll =< bi (B + 7) + o} 1% - xi |

1”3t—1}+

= Py ||X(0) —Xj[l 4 b1 + c1t max{p{~
+ +b
(1 s D(

+ ¢t max{p~

C o
1 —1,01 (W)
17 ﬂt—]}

(07
)

This proves that x (t) converges to a neighborhood of xj =
Xj=-qata lmear rate O

qq or

Case II for induction - 1 < k < K For the remainder of the eigen-
vectors, we proceed with the proof of convergence by induction.
Since we have already proven the base case, we can assume there
exist constants ¢; , > 0 and 6; , < 1 such that

1. ||x£2(x£2)T apapll <cip6f,+1%).Vp=1.....k—1, and

2. ||x£2||253,p=],...,kfl,l:l,...,M.

Using the inequality in 1) above, we can write x,.([; (xl.(tg)T =
apah + ). p=1,....k=1 such that [l${)]l <c;p(6f,+ %)
This  therefore f i o x (x(t))TC Xt =
% Zf\il Z (qup +¢([))C x(t) g Zp_l qquCX(t) +a¢k

- (t t
where ¥, = & M, Zp:l ¢f,ﬁcxz(f)~
Thus, we have

implies

- © M k-1 © )
¥ Il < —ZZA i 1%
i=1 p=1
M k-1
E—ZZf)qc,p(le—F )
i=1 p=1 'B
< L k- nmedt + -4
=M 1-8
= (k= 1)E@" + % , (24)
where ¢ = max; ,{c; ,} and 0= max; p{0; p} < 1.
Consequently,
- - o . - — ()=
XD — x© 4 M(Cx,(f) - & TexVx"
M k-1
-3 X OO CEY) + ah?
i=1 p=1
o M k-
= %0 4 M(me ®O)TCRORO — ZZ a97Cx")
i=1 p=1

k—
Z (@pa; — x5 (x()DEXK + ol

E\Q
\\Mg

—1
—x0 4 X ex® O\Tee®Og® Teg®
=X M(Cx - xR Vx quCx )
p=1

k
._.

¢(t)c )-((f) + Olh([)

=

Il
—_
=
[
—_

=R
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k-1
_ 30 L Y50 O\ eg®g0) Tex®
=X+ M(ka - ®'RIR -3 apa,cx”)
p=1
= (t)
~ay, +ah®. (25)

We can now proceed with the final theorem that characterizes
the convergence behavior of DSA.

Theorem 3. Suppose o < % where Ay is the largest eigen-
value of C and K is the number of eigenvectors to be estimated,

qk 1((1)<) #0 and ||x§°)|| =1,Yk=2,...,K. Then the DSA iterate for

l(tk) given by (18) converges at a linear rate to an O(«) neighborhood
of the eigenvector q corresponding to the kth largest eigenvalue X, of

the global covariance matrix C at each node of the network.
Proof. We know

%) — %Il < 1% — % + X" —x;[l, where X; = +qq. (26)

Also, from Lemma 8 in the appendix we know that

t t o
||X() ,({)” Sbk(ﬂt+q)-
Now, the average iterate of DSA for estimating the kth eigenvector
is

3O _ =1
Xk _xk +

o (- —(t— —(t=1)\o (t—
M(CXI(([ 1) _ ((X’(f 1))TCXI(<I 1))Xl(<[ 1)

k—

_Zq qTCX(t ]))—i-ah(t 1)+O”/,
p=1

(t-1)

* S(t-1 O (-1 < (t-1 S(t=1)\g(t—1
or, (1% —xgll = 1% + 7 (D — (&) ex )%

k—
(t— 1)
- E Qa, K ) = Xl + allh V) +allg
p=1

We know from the discussion in Section 4 that for an iterate of the
form

=

2O _ g1 | ¥ cs-1) =D\ egE-DygE-1) Tex (-1

X =X 4+ @& - (X)) xR, -2 wa K ),
p=1

there exists a constant p, <1 such that ||)'(’(f) —xt|| < ,ok||x,(f’1) -
x| Thus,

1 -1 5 (t=1)
1% —xil| < ppllx ™" —xg || + el V) + el ¥y |

Now, the term ||hl(f’1) || was bounded in Lemma 9 in the appendix
as

IV <3k +2)Aby (B +

lf‘ﬂ). (27)

Thus, using (24) and (27), we can write

_ I (f— « _ o
1% = x¢ll < oI = X; | + Bk + 2)A1b (B + =)
+a(V3h (k- 1E@ + i‘ﬂ))
= o
< AR =X+ qemax{ B 01 + o — i
cr = max{a (3(k + 2)A1by), a(v3A1 (k—1)0)}
= Py — %]+ cmax(B 2,02 + o5 )
_ At— o
+¢emax{pt-1,6¢ ]}Hkﬁ
, =1 _ _
< P IR = X[l + ¢k Y (o, max{B. 6} )" max{B, 6}~
r=0

Ck o
]—p’;(l_ﬁ)
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"t 115(0 % "t -1 gt—
= PR = x; | + e max{p 1, g1, 61

Sk (%
1- p{{ (1 — ,3)
Consequently, from (26) and Lemma 8 we get
. o P .
I = xill < bi(B + )t PIED — x|
" oA ¢ o
ot max{pt, B, 61y 4 (9
k 1-p, (1 — ,3)

= PLIXL — Xi|| + bt + ot — 1)
~ C o
x max{pf ! B0+ (= + b (1

ﬁ)'
This proves that xl([k) converges to a neighborhood of xj = q; or
X; = —qy at a linear rate. O

It is noteworthy that if decaying step sizes «; are used such that
o — 0 as t — oo (instead of constant «), the convergence will be
exact but not linear. The rate in that case will be dominated by the
rate of decay of ;.

6. Experimental results

In this section, we provide results that demonstrate the effi-
cacy of the proposed DSA algorithm. The need for collaboration
between the nodes of a network is a vital part of any distributed
algorithm, as already pointed out in Section 2. We first verify that
necessity along with the effect of step size on DSA by perform-
ing some experiments. In these experiments, the weight matrix W
that conforms to the underlying graph topology is generated us-
ing the Metropolis constant edge-weight approach [40]. The per-
formance of DSA in comparison to some baseline methods is also
evaluated in additional experiments. We provide experimental re-
sults for DSA on synthetic and real data and compare the results
with centralized generalized Hebbian algorithm (GHA) [11], cen-
tralized orthogonal iteration (OI) [14], distributed projected gradi-
ent descent (DPGD) and sequential distributed power method (Se-
gDistPM). For both the centralized methods, all the data is as-
sumed to be at a single location with the difference being that
GHA uses the Hebbian update whereas OI uses the well-known
orthogonal iterations to estimate the top K eigenvectors of the
covariance matrix C. DPGD involves two significant steps per it-
eration. The first is a distributed gradient descent step at ev-
ery node i given by 2 jenuli) w;;Xj+aVfi(X;) as in Nedic and
Ozdaglar [32] using trace maximization f;(X;) = maxTrace(XiTCiXi)
as the objective. This is followed by a projection step to en-
sure the orthogonality constraint X}Xi = 1. The orthogonalization
is accomplished using QR decomposition, an approach that en-
sures projection onto the Stiefel manifold [41] and whose compu-
tational complexity is ©®(K2d), at each node in each iteration. In
contrast, SeqDistPM involves implementing the distributed power
method [22,24] K times, estimating one eigenvector at a time and
subtracting its impact on the covariance matrix for the estima-
tion of subsequent eigenvectors. Note that SeqDistPM requires a
finite T. number of consensus iterations per iteration of the power
method. Assuming the cost of communicating one R?*X matrix
across the network from nodes to their neighbors to be one unit,
the communication cost of SeqDistPM is T./K per iteration of the
power method. The error metric used for comparison and report-
ing of the results is the average of the angles between the esti-
mated and true eigenvectors, i.e., if X;; is the estimate of the kth
eigenvector at ith node and q is the true kth eigenvector then the
average error across all nodes is calculated as follows:

1 M K x'?:qu
E= g o2 (1 () (28)

i=1 k=1
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6.1. Synthetic data

We first show results that emphasize on the need for collabo-
ration among the nodes. To that end, we generate N = 10, 000 in-
dependent and identically distributed (i.i.d.) samples drawn from a

multivariate Gaussian distribution with an eigengap Ak = A;f—;‘ =

0.8 and dimension d = 10. These samples are distributed equally
among the M = 10 nodes of an Erdos-Renyi network (with con-
nectivity probability p = 0.5), implying that each node has 1000
samples. The number of eigenvectors estimated is K = 3 and a con-
stant step size of o = 0.1 is used for this experiment. Fig. 1a shows
the effect of using the GHA at a node without collaboration with
other nodes versus DSA, which in simple terms embodies GHA +
collaboration in the network. The blue line indicating GHA in the
figure is the result of using all the data in a centralized manner.
It is clear that the lack of any communication between nodes in-
creases the error in estimation of the eigenvectors by a significant
factor. In Fig. 1b, we use the same setup and parameters to show
the effect of different step sizes on our proposed DSA algorithm. It
is evident that if the step size is too low, the convergence becomes
significantly slow, while if its high, the final error is larger. Hence,
careful choice of the step size is required for DSA, as characterized
by its convergence analysis.

Next, we compare DSA with the distributed methods of DPGD
and SeqDistPM to demonstrate its communication efficiency. For
that purpose, we generate synthetic data with different eigen-
gaps Ay € {0.6,0.8}. We simulate the distributed setup for Erdos-
Renyi (p = 0.5), star and cycle graph topologies with M = 10 nodes.
The data is generated so that each node has 1000 i.i.d samples
(N; = 1000) drawn from a multivariate Gaussian distribution for
d = 20, ie., the total samples generated are 10,000. The dimen-
sion of the subspace to be estimated is taken to be K e {1,5}.
We use T, = 50 as the number of consensus iterations per power
iteration for SeqDistPM throughout out experiments. The results
reported are an average of 10 Monte-Carlo trials. Fig. 2 shows
the performance of different algorithms for the estimation of the
most dominant eigenvector for different network topologies. It is
clear that for K =1 SeqDistPM outperforms both DSA and DPGD
in terms of communications efficiency because it is basically dis-
tributed power method, which is shown in Raja and Bajwa [22],
Raja and Bajwa [24] to have good performance for K = 1. Even
though DSA and DPGD have the same performance in terms of
communications cost, it is important to remember that DPGD re-
quires an additional QR normalization step per communications
round. Next, Fig. 3 shows a comparison between the three algo-
rithms when the top-5 eigenvectors are estimated i.e., K = 5. It is
clear that while estimating higher-order eigenvectors, DSA slightly
outperforms DPGD without performing explicit QR normalization
and it also has much better communications efficiency than Se-
gDistPM. The error for SeqDistPM is significantly high in the begin-
ning because of the sequential estimation, which means that when
the first (higher-order) eigenvector(s) is (are) being estimated, the
lower-order estimates are still at their initial values and hence
those contribute significant error even when the first or higher or-
der terms have low error. After a sufficiently large number of com-
munications rounds, SeqDistPM eventually does reach a lower final
error compared to DSA. But this comes at the expense of slower
convergence as a function of communications costs. It should also
be noted that SeqDistPM lacks a formal convergence analysis and
has two time scales that need to be adjusted as both contribute to
the final error. Finally, the benefits of DSA over DPGD are twofold.
First, DSA reaches similar or better error floor without explicit QR
normalization, thus saving ©(K2d) computations per iteration; and
second, the convergence guarantees for gradient descent-based al-
gorithms for non-convex problems like the PCA have limitations.
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Fig. 1. The role of collaboration in the distributed PCA problem and the effect of changing the step size on the performance of DSA. The distributed setup corresponds to an
Erdos-Renyi graph (p = 0.5) with M = 10 nodes, while the dimension of data is d = 10 and the number of estimated eigenvectors is K = 3.
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The guarantees usually exist for convergence to a stationary solu-
tion with a sub-linear rate.

6.2. Real-world data

Along with the synthetic data experiments, we provide some
experiments with real-world datasets of MNIST [42] and CIFAR-
10 [43]. For the distributed setup in this case, we use an Erdos-

10

Renyi graph with M =20 nodes and p = 0.5. Both the datasets
have 60,000 samples, thereby making the number of samples per
node to be N; =3000. The data dimension for MNIST is d = 784
and a constant step size of @ = 0.1 was used. The plots in Fig. 4a
and b show the results for K € {10,40} for MNIST. Similar plots
are shown for CIFAR-10 in Fig. 5a and b, where the dimension d
for CIFAR-10 is 1024, the number of estimated eigenvectors K e
{10, 20} and a constant step size of & = 0.7 is used. For these real-
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world data sets, we exclude the comparison with SeqDistPM as it
is evident this method requires much higher cost of communica-
tions for estimating larger number of eigenvectors.

7. Conclusion

In this paper, we proposed and analyzed a new distributed Prin-
cipal Component Analysis (PCA) algorithm that, as opposed to dis-
tributed subspace learning methods, facilitates both dimensionality
reduction and data decorrelation in a distributed setup. Our main
contribution in this regard was a detailed convergence analysis to
prove that the proposed distributed method linearly converges to a
neighborhood of the eigenvectors of the global covariance matrix.
We also provided numerical results to demonstrate the communi-
cations efficiency and overall effectiveness of the proposed algo-
rithm.

In terms of future work, an obvious extension would be a dis-
tributed algorithm that enables exact convergence to the PCA solu-
tion at a linear rate. Note that the use of a diminishing step size «
along with the analysis in this paper already guarantees that DSA
can converge exactly to the PCA solution. However, this exact con-
vergence guarantee comes at the expense of a slow convergence
rate. We instead expect to combine ideas from this work as well
as ideas such as gradient tracking from the literature on distributed
optimization [31,36,44] to develop a linearly convergent, exact al-
gorithm for distributed PCA in the future. Another possible future
direction involves developing an algorithm for distributed PCA that
does not require the top K eigenvalues to be distinct. We also

leave the case of multiple eigenvector estimation from distributed,
streaming data, as in Raja and Bajwa [26], for future work.
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Appendix A. Statements and proofs of auxiliary lemmas

Al. Statement and proof of Lemma 1

Lemma 1. Assume ||x,£°)|| =1, Vk. If the step size is bounded above
as o < m where Aq is the largest eigenvalue of C and K is the
number of eigenvectors to be estimated, then

1
ve, x) <v3 and x")Tex" < o (29)

Proof. From (11), we know the iterate for kth eigenvector estimate
is
k-1
(t+1) _ () (t) (ONT Oyt 5 () Ty ()
x ) =x +a(ka - xHTexx” — > qpq,0x, )
p=1
k-1
—_ x® (t) (ONT et 5 () Ty ()
=x +a(0x) - x))Texix” - > Apapapx,”’)
p=1
_ x(® C x© (ONT Oy () 5 (£)
=x +a(Cx” - x))cx x”).
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where € = C— Y%7} 1,q,q). Notice that €2 =2 — Y-¥"| A2q,q).
Hence,

DI = I + e (G — )T ex %) 117
= 1117 + e G — ) TOR %1
+ 20 ()T (€x® — x)TexOx)
= I I + e (D TEx + (6T Ol |12
=2 Tex” (x)TCx)
+ Za((x(”)TCkx(” - (x(t))TCx,‘)Hx(t)H )

=[x 1% + o ()T (C? - prqpqp x{"

+ ((xl((f))Tcx’(f))Z ||X’(<t) ”2 2(X(f))Tcx(t) (X,(:))T
k-1

X (€= ) hplpdp)x”) + 20 ((x0)
p=1

x (€= 1,qpah)x” — (x(7)TCxV (1% (1)

k-1

= %717 + 2 () TCx” = " A5 (apxy))?
p=1

+ ((x,i”)TCx;“>2(||x<” I”-2)

+2(x,(f))TCx(t)Zk (arx)?)

+2a((x)TexV (1 - [|x{7]1%) - ZA (ahx)?).

(30)
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52(1+é)<3.

Case II: Now suppose 1 < ||x,(<t) | < 2. Then from (30) we have

k-1
IXFV)2 < 2+ 0243 + 241 Y 24p)

p=1

k-1

<2+a%(2A 4241 ) 20)
p=1

<201+ ) <201+ ) <3,

1
92K —1)

using similar steps as Case L

Case III: Finally suppose 2 < ||xl(<t)||2 < 3. Then from (30) we
get

k-1
(E+1) )12 2 (T (24 (6) 2 Ty ()2
X VN < 3+ ((x)TCx = As(apx”)
p=1

DD (x 1 - 2)

+2(x")Tex® Z Ap(alx(") )?)
+2a () Tex (1 - [Ix1%) - qup x(")?).

To show that ||x,(f+1)||2 < 3, we have to show

az((x,?))TCZX,(f) ZAZ (qT (t))Z + ((XI((t))TCX’(Ct))Z(||XI((t) ”2 -2)

p k

2x")Tex Z Ap(apx”)?) + 20 ((x()TCx (1 —

2060 (X112 1) +2 Z,,;l 2%

lIx711%) — ZA (qpx{”)%) <0

= TOxD T A+ ()OI~ 2) + 20607 Cx0 T A (e

We now split our analysis into three cases based on the range of
values of [|x[|2.

Case I: Let ||x,(f) |2 < 1. Then we see from (30) that
k=1

X112 < 1+ a2 (A3 4200 Y Ap) + 200
p=1

k-1
< 1+a?(Af +2h1 ) A1) + 2k
p=1

< 14+a?22(2K - 1) + 2ah14/2K -1
= (1+ar/2K - 1)?

<2(1+a?222K-1)) <2(1 + !

92K — 1)

12

(31)

We now find a lower bound of the right hand side of (31). Note
that
k-1
206)7Tex” (I 112 = 1) +2 ) Ap(apx”)?
p=1
> 2o (I 12 - 1) (32)

and (X,(f))TCZX,(f) Z)LZ (qT (f))2 + ((X(t))TCXI((t))Z(||XI(<t)”2 ~-2)

k-1
+ 2(x’(f))TCx,(f) Z)"P(q;xl(f))z
p=1
< (xl((t))TCZXI(f) + ((xl(:))TCx’(f))Z(”xl(f)”2 _ 2)

k-1
+2xI)Tex” Y " (ghx)2. (33)
p=1
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(X(t) )Tcx(f)

Now, W is a generalized Rayleigh quotient whose maxi-
X
k

mum and minimum values are the largest and smallest eigenvalues
of the generalized eigenvalue problem Cy = AC2y. Since the eigen-
vectors of C and C2 are the same, the largest and smallest eigen-
values of the generalized problems are H and -, respectively,
where A; and A, are the largest and smallest elgenvalues of C.
Thus, (xl(f))Tczx,({t) <M (xl(f))TCx,(f). Also, since qul(f) <lqll ||x,(<t) Il,
we have the right hand side of (33)

MmeTex? + ((x<“)TCx<f>)2(||x,£” 1?2

+2 (x,(f))TCxl(f) Z )\p”X,(f) ”2

= (x")Tex" (O + x)Tex ([[xV]]2 — 2)+22A X 11%)
p=1

k-1

= (6100 G+ 2 I I2AXC 12 = 2) +2 3 Ml 1)
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= L xTCxO (1 + x4 - 2[xO 1% + 2k — D1V 1)

= 2T (X )12 - 1) +2(k - D [IxP]|?)
= &I (1xO12 = DIXE)? - 1) +2(k - 1)
x| )
(Ix" 12 - 1)
< 2 ED O (X2 - 1)(B - 1) +2(k - 1)2).
[Ix]]2
since

(=1
= 2L ()T e (x> = 12k - 1)
< 20 () e (X112 - 1)K - 1).
Hence, we have that the right hand side of (31) exceeds
206 Tex (Ix 112 - 1) 1 1
2 xHTex® (IxV2 - 1)K - 1) A1 (2K =T1)

Thus, if o« < m then [x{" 2 < 3.

Next,
0= ()ex” < Alx”|? <321 <3(2K - DA < é (34)
Hence, (xl(f))TCx,(f) <1l g
A2. Statement and proof of Lemma 2
Lemma 2. Suppose q[x." = z(o) #0 and (x))Tcx(" < 1, then
ENTex” > min{(1 - 3aA1)Am, ®)TCKV}, Ve
Proof. We know 0< (x")Tcx(V <2, ||xl(<t)||2 <3A; using
Lemma 1. Let Ap,m> K be the smallest non-zero eigenvalue

of C. Now, if Am < (x{))7Cx{") < 31, then

(x(r+1))Tcx(t+1) Z)‘ (Z(r+1)
I=1

k- d
t41 £+1
G+ Y hE Y
I=1 1=k
k-1
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d
+Y M+l -
1=k

(®) ©)\)2 ()2
x)Tex))%(z)

> (1 a(x(f))Tcx(t))Z Z A (z(t))z

=1
d
+ (1 +a(m— T2 Y 1i(z))?
1=k
k-1
t t t
>(1-ax)Tex)? > nz)?
=1

d
+ (1 —ax)Tex))? > n(z)?
I=k
d
= (1 -ax))'ex")? Y h(z)?
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>(1-3ar)?xTCx"” > (1 - 3aAi)?*Am. (35)

Z7®

Also, from (12), we have x{V =31, z a4 = YKl z,(f,)q, +
Y,z ,Et?fh Let Y :zl(fl)q, _x() and Y kzl(fl)q, =x". Thus,
(x(f))TCx(t) (x(f))TCi(f) + (X (f))TCX ®)
Now, if (x,ﬁt))TCf(,(f) < (x,(f))Tfof) < Am then
(x([+l))TCx([+l) > (il(<[+1))TC)~(I(<[+l)
— Z)L (Z’t+1))2
1=k
d
=2 M+t - &) ()
1=k
d
> (1+a(m— x)TCxN2 > N(Z()? > &)K. (36)
1=k
Combining (35) and (36), we have
xHTex” > min{(1 - 3aA;)?Am X)HTCR). (37)
(]

A3. Statement and proof of Lemma 3

Lemma 3. Assume ||xi“,)<) || = 1. If the step size is bounded above as
o< % where Aq is the largest eigenvalue of C and K is the
number of eigenvectors to be estimated, then

Xl <v3 and x{)TCx” Yk, t. (38)
Proof. We have
XU = Y w) e - () TC )
]eVu{z}
Zx(f)(x(t))Tcx(f)) (39)
Hence,
1
I o (O~ )

+a Z ”x(t)(x(f))Tc x(t) I+ Z ”Wux(t)
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= ”W”xi,k +Ol(CX i,k i,k ik

ik
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Case I: Let us assume ||x? |2 < 1,Vi. Then, we have
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2 Wii 2
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Case II: Now, suppose 1 < ||x€, |2 < 2, Vi. Then, we get

||w,,xftk) +a(C xftk) x)IC xftk)xftk)) 2 <2w? +202A2

< 2(w; + Ol)»])z.

Thus, if we need ||xi(tk+1)|| < +/3, the following condition should be
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Case III: Finally, suppose 2 < ||xi“k)||2 < 3,Vi. We then have the
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A4. Statement and proof of Lemma 4

Lemma 4. The norm of Sanger’s direction Hi(xi(fk)) is bounded as
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Appendix B. Statement and proof of Lemma 5

Lemma 5. Let n = min{(1 — 3aA1)%Am, (X,EO))TCXIEO)}. Now, suppose

n < x)Tcx\" < L, then the following is true for y =1 —an, and
some constant a; > 0:

k-1
Y& <ay (42)
=1

Proof. For [ =1,...,k— 1, we know from (13)

78 = (1 —ax)ex)z)

or, (z")? =1 -ax))cx”)? ().

Let  min{(1-3aA)?Am. &K} =7
(xl(f))TCx,(f) <1 (from (34) and (37)),
a(xl(f))TCx,(f) <1 —an < 1. Therefore,

Since O0<n<
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k-1 k-1 k-1

t+1 t 0
@ <>y @ )P <yt Y @)
1=1 =1 1=1

=a ™!, where y=(1-an)?. (43)

Appendix C. Statement and proof of Lemma 6

Lemma 6. Suppose z\*) # 0 and (x{")Tcx{") <

Tk,
T+ady

L. Then the following

is true for p, = ( )2 < 1 and some constant a, > 0:

d
1
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(44)

Proof. For I=k,...,d we know from (14)
a(d — (x(t))TCx,(f)))z,Efz. If (x()Tex <
*)Tex®) > aky = 0.V = k. ... d.

that zlit“) 1+
L, we have 1+a() -
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Thus, we have for [ =k +1,...d,
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(t)
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= —= ), =|—])"<1.
p"(z,@) Pk ( T+ o )
ek
1 7 1
Therefore, for I=k+1,....d, (zl(fl+ )2 < ,o,i“( ’(‘0’)) (H 2,
’ Zk,k

Since ||xl(f“)||2 <3 and ||xl(<0) Il =1, hence (z‘”)2 <3 and z,(COI) <1.

(0)

Also, because of the assumption z, |, # 0, let us assume (z(o))2 > 1.

Thus, we can write

d d
3
Y@ =pt Y == (45)
I=k+1 e
|

Appendix D. Statement and proof of Lemma 7

Lemma 7. Suppose (x,(f))TCx,(f) <1 and (xl(f))TCx,(f) > min{(1 —

o

301)?Am. (X)TCXV). Then there exists constants 0 <38,y <
1, a4 > 0 such that

A — (xlgr+1))rcxl(<t+1)| < ta4(5[+1 + max{at’ V1t})~ (46)
Proof.
(x(t+l))TCx(t+l) Z )\,1(1 (X(X(t))TCXI((t))z(Z,(:;)Z

=1

d
+ Z)\,l(l +Ol(}\.[ —
I=k
k-1
= > M1+l - (x))ex))* (7))
=1

') (Z)?

n Zkl(l +a (e — (xHTCx())? (z)?
1=k

k-1
+Y M1 —ax)Tex”)? (7))
=1
k-1
= YoM+l - )T ()?
=1

d
+ > M +a(y—

I=k+1

(©) () V)2 (,(£) 2
xex))?(z)

d
= 2 M+ aGy - )T (7))

k.l

I=k+1
d
= M1+ a0y — X))z + PO
=1
= (1 +a(y— &ENHTexO)N2x)Tex" + PO,
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where

k-1
PO = 3" A(1 - a(x?)Tex)2(z)?
=1
k-1
=Y M+ alhy - (x

=1

](f))Tcx/((t)))z (Zlgtl))z

d
+ 0 M +a(y - &) )2(E)?
I=k+1

d
= 2 M+l = )T ().
I=k+1
Now,
(t+1) (t+1)
(X + )Tcxk+

:}\k—(l—i—a()\k xNTex))? (x()Tex — pO

= — (1 +0?(hy — (x“))TCx(”)Z
+2a (e — (x0)Tex()) (x()Tex( — PO
= M — (X)X — (@2 (g — (xP)Tex D)2
+ 20 (hy — (x)Tex0)) (x)Tex® — PO

= e — (g)Tex = (O
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_ (Xl(:))TCx’(:))(az ()"k _ (x’(f))TCx,(f))
l((t) )TCx,(f) ) (xl(f) )TCX,(f)

Let us denote V® = [i, — (x{")TCx{")|. Then,
_a? (e — (X,(f))TCX,(f))(X,(f))TCX,(f)
—2a(x")Tex(" | + |P©|
< VO max{(1 - a(x")Tcx")?,

y D < V(f)|]

a?h x)Tex} + [PO).

Also from (34) and (37), O<an< a(x(‘))TCx“)

1 and o2, (x(")TCx(" < ok Denote  § = max{(1 —an)? aky}.
Since oAy < aAq < 1, hence 0 < § < 1. Thus,

VED < sy© 4 PO, (47)

Next, we bound |[P®)| as follows:
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d
+ 3 M1+ ety — (xEHTexg))?
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d
+ 3 My — A2+ ay+A)(E)?

I=k+1

k-1

<> han 2+ axk)(z;j; Z MQaky, + azxz)(zfj;)Z
=1 I=k+1

< ZBA Z))? Z 30 (22,

I=k+1
since A, <1 and A; < Aq

k-1 d

=3 Q@D+ D @) <3m(ay' +axph)
= I=k+1

using Lemma 5 and 6

<asy{, where a;=max{3xa,3ra;}
and y; = max{y, p}.
So from (47), we have V&D <§V® 4agyf <§t+lvO 4

as Yi_o(8y; Dyt Since y4.8 <1, we have the following two
cases:

1.8 <y1 =8y = 1. Then, 3 oy D'yvf < Yo vf = t¥f.

2.8>mn. Then S o@Dyt =i+ syl 4+ 8 <
S+ 48t =t8t.
Thus,

VED < §H1y O 4 gy max{8t, i} < tag (871 + max{8’, y{}),

where a4 = max{V©® a3}. O

Appendix E. Statement and proof of Lemma 8

Lemma 8. The deviation of an iterate at a node from the average is
bounded from above as

) o
”x(f) (f)” Ebk(ﬂt+?)’\ﬂ<=1’”'

B
where B is the second largest magnitude of the eigenvalues of W
given as B = max{|A, (W)|, [A\yy(W)|} <1 and b, > 0 is some con-
stant.

, K, (48)

Proof. We stack the iterates xftk) and Hi(x;tk)) as

M x(® (t)
" ol
x2 k 9{2 (x2,k)
x’(:) = € RMd H(X,(f)) = e RMd
x,(\f,)k Hy (x(t)k)
—'(f)
(f)
® xk
t Md
xcwg K= e R™%.
'(f)
xk

The next network-wide iterate (as a stacked vector) can then be
written as x) = (W@ Dx{"" + aH(x{"""), where ® denotes the
Kronecker product. The tth iterate can thus be written as

(t) (Wt I)X(O) +aZ(Wt 1-s l)’H(X(S))
s=0
Since W = [w;;] is a symmetric and doubly stochastic mixing ma-

trix, its largest eigenvalue is 1 corresponding to the eigenvector
1y, a column vector of all 1's. It is also the left eigenvector of W.
That is, W1y =1y and 1[,W = 1],. Also, since the squared norm
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of Sanger’s direction at every node is bounded, it is easy to see

I#x")]|2 = 3MA3 (3k - 2)(3k + 1). Now,
% = %1 = lIx” - ;;;kn—nx“) —<<1M1 yebx|

= W eDx” +a Z(WH*S o DHX)
s=0

t-1
——((1M1 )eD(W @ Dx” +a > (W= @ DHE))||
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t-1
= I WeDx” +a) (W' eDHX)
s=0
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(1M1 ) @ DHES)|
t-1
= (W — 3 () @ DX+l Y (W=
s=0

- —(1M1 N @DHE)|
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< V3Mi/ Gk =2)Bk+ D (B + 175) = b + 175).
where by = A1v3My/(3k — 2) 3k + 1).
d

Appendix F. Statement and proof of Lemma 9

Lemma 9. Suppose ||x(t)||2 <3 and ||x(t) XN < b(B + 125 5)
then the following is true Yk =1, ...,K:

IR < 3¢k +2)hbe (B + W : (49)
Proof. We have
(®) % ()
Hix;) —Hi(x,")
=G (xftk) X)) — (x)HTexOx) + &) TexVx

- t t t t t (t
- Z<X§.£(X££)TCfX§.£ — X (5T CX)

S
x[(f)) ((X(t) + x(f))Tc (x(f) (f))))'(’((f)
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Zx(r) x9)7C(x — %)

7 (x()) = Hi(X) |

=16~ R GRING 501 101
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16— GRG0+ 1
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Thus,
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|| ,(C)||< ik
7>

Z I

<3(k+ z)/\lbk(ﬁf + (50)
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